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RMF + BCS description of drip-line nuclei
Recently it has been demonstrated, considering Ni and Ca isotopes as prototypes, that
the relativistic mean-field plus BCS (RMF+BCS) approach wherein the single particle
continuum corresponding to the RMF is replaced by a set of discrete positive energy
states for the calculation of pairing energy provides a good approximation to the full
relativistic Hartree-Bogoliubov (RHB) description of the ground state properties of the
drip-line neutron rich nuclei. The applicability of RMF+BCS approach even for the
drip-line nuclei is essentially due to the fact that the main contribution to the pairing
correlations for the neutron rich nuclei is provided by the low-lying resonant states, in
addition to the contributions coming from the states close to the Fermi surface. In order
to show the general validity of this approach we present here the results of our detailed
calculations for the ground state properties of the chains of isotopes of O,Ca,Ni,Zr,Sn
and Pb nuclei. The TMA force parameter set has been used for the effective mean-
field Lagrangian with the nonlinear terms for the sigma and omega mesons. Further,
to check the validity of our treatment for different mean-field descriptions, calculations
have also been carried out for the NL-SH force parameterization usually employed for
the description of drip-line nuclei. Comprehensive results for the two neutron separation
energy, rms radii, single particle pairing gaps and pairing energies etc. are presented.
Especially, the Ca isotopes are found to exhibit distinct features near the neutron drip
line whereby it is found that further addition of neutrons causes a rapid increase in
the neutron rms radius with almost no increase in the binding energy, indicating the
occurrence of halos. It is mainly caused by the pairing correlations and results in the
existence of bound states of extremely neutron rich exotic nuclei. Similar characteristics
though less pronounced, are also exhibited by the neutron rich Zr isotopes. A comparison
of these results with the available experimental data and with the recent continuum
relativistic Hartree-Bogoliubov (RCHB) calculations amply demonstrates the validity
and usefulness of this fast RMF+BCS approach for the description of nuclei including
those near the drip-lines.
Keywords: Drip-line nuclei; Relativistic mean-field plus BCS approach; Comparison
with RCHB; Two neutron separation energy; Neutron and proton density distributions,
radii; Halo formation; Chains of isotopes of O,Ca,Ni,Zr,Sn and Pb nuclei. PACS:21.10.-
k,21.10Ft, 21.10.Dr, 21.10.Gv, 21.60.-n, 21.60.Jz, 22.50.+e
1. Introduction
Production of radioactive beams have facilitated the nuclear structure studies away
from the line of β-stability, especially for the neutron rich nuclei. The structure of
these exotic nuclei with unusually large | N − Z | value is characterized by several
interesting features. It exhibits extremely small separation energy of the outermost
nucleons and the Fermi level lies close to the single particle continuum. In the case
of neutron drip-line nuclei the neutron density distribution shows a much extended
tail with a diffused neutron skin1. In some cases it even leads to the phenomenon of
neutron halo made of several neutrons outside a core with separation energy of the
order of 100 keV or less. Due to the weak binding and large spatial dimension of the
outermost nucleons, the role of continuum states and their coupling to the bound
states become exceedingly important, especially for the pairing energy contribu-
tion to the total binding energy of the system. Theoretical investigations of such
nuclei have been carried out extensively within the framework of mean field the-
ories such as Hartree-Fock-Bogoliubov (HFB), HF+BCS2−7 and their relativistic
counterparts8−22. A detailed comparative study of the HFB approach with those
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of the HFB based on the box boundary conditions, and the HF+BCS+Resonant
continuum approach has been carried out by Grasso et al.7 providing insight to the
validity of different approaches for the treatment of drip-line nuclei. Earlier Sand-
ulescu et al.6 have also studied the effect of resonant continuum on the properties
of neutron rich nuclei within the HF+BCS approximation. The interesting result
of these investigation is that only a few low energy resonant states, especially those
near the Fermi surface influence in an appreciable way the pairing properties of
nuclei far from the β-stability. Indeed, comparison between the results given by the
resonant continuum HF+BCS6 and the continuum HFB calculations7 shows that a
few low-lying resonances give practically the full effect of the continuum on pairing
related properties. This finding has proved to be of immense significance because
one can eventually make systematic studies of a large number of nuclei by using a
simpler HF+BCS approximation.
Recently the relativistic mean field (RMF) theory has been extensively used for
the study of unstable nuclei 14,16,17. The advantage of the RMF approach is that
it provides the spin-orbit interaction in the entire mass region, which is consistent
with the nucleon density8,10. This indeed could be very important for the study
of unstable nuclei near the drip line, since the single particle properties near the
threshold change largely as compared to the case of deeply bound levels in the nu-
clear potential. In addition to this, the pairing properties are also important for
nuclei near the drip line where we have to take into account the coupling of bound
pairs with the pairs in the continuum. In order to take into account the pairing
correlations together with a realistic mean field, the framework of RHB approach
is commonly used19,20. In this connection, the finding above for the non-relativistic
frameworks has turned out to be very important for the systematic work of un-
stable nuclei in the relativistic approach. This has been demonstrated recently by
Yadav et al.28 for the case of 48−98Ni isotopes. Indeed the RMF+BCS scheme28
wherein the single particle continuum corresponding to the RMF is replaced by a
set of discrete positive energy states yields results which are found to be in close
agreement with the experimental data and with those of recent continuum relativis-
tic Hartree-Bogoliubov (RCHB) and other similar mean-field calculations19,26. In
fact the applicability of RMF+BCS approach even for the drip-line nuclei is essen-
tially due to the fact that the main contribution to the pairing correlations for the
neutron rich nuclei is provided by the low-lying resonant states, in addition to the
contributions coming from the states close to the Fermi surface.
With the success of the RMF+BCS approach for the prototype calculations of
Ni and Ca isotopes28, it is natural to investigate its validity for other nuclei in
different regions of the periodic table. Also it would be interesting to check the
results with different popular RMF force parameterizations. With this in view we
have carried out detailed calculations for the chains of isotopes of O,Ca,Zr, Sn and
Pb nuclei using the TMA and the NLSH force parameterizations. Excepting Zr, the
other nuclei considered in this studies are proton magic nuclei. The results of these
calculations for the two neutron separation energy, neutron, proton, and matter rms
radii, and single particle pairing gaps etc., and their comparison with the available
experimental data and with the RCHB results are presented here to demonstrate
the general validity of our RMF+BCS approach.
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2. Theoretical Formulation and Model
Our RMF calculations have been carried out using the model Lagrangian density
with nonlinear terms both for the σ and ω mesons as described in detail in Ref. 17,
which is given by
L = ψ¯[ıγµ∂µ −M ]ψ
+
1
2
∂µσ∂
µσ − 1
2
m2σσ
2 − 1
3
g2σ
3 − 1
4
g3σ
4 − gσψ¯σψ
−1
4
HµνH
µν +
1
2
m2ωωµω
µ +
1
4
c3(ωµω
µ)2 − gωψ¯γµψωµ
−1
4
GaµνG
aµν +
1
2
m2ρρ
a
µρ
aµ − gρψ¯γµτaψρµa
−1
4
FµνF
µν − eψ¯γµ (1− τ3)
2
Aµψ , (1)
where the field tensors H , G and F for the vector fields are defined by
Hµν = ∂µων − ∂νωµ
Gaµν = ∂µρ
a
ν − ∂νρaµ − 2gρ ǫabcρbµρcν
Fµν = ∂µAν − ∂νAµ ,
and other symbols have their usual meaning.
The set of parameters appearing in the effective Lagrangian (1) have been ob-
tained in an extensive study which provides a good description for the ground state
of nuclei and that of the nuclear matter properties17. This set, termed as TMA, has
an A-dependence and covers the light as well as heavy nuclei from 16O to 208Pb.
Table 1 lists the TMA set of parameters along with the results for the calculated
bulk properties of nuclear matter. As mentioned earlier we have also carried the
RMF+BCS calculations using the NL-SH force parameters 27 in order to compare
our results with those obtained in the RHB calculations 26 using this force param-
eterization. The NL-SH parameters are also listed in Table 1 together with the
corresponding nuclear matter properties.
Based on the single-particle spectrum calculated by the RMF described above,
we perform a state dependent BCS calculations23,24. As we already mentioned, the
continuum is replaced by a set of positive energy states generated by enclosing the
nucleus in a spherical box. Thus the gap equations have the standard form for all
the single particle states, i.e.
∆j1 = −
1
2
1√
2j1 + 1
∑
j2
〈
(j1
2) 0+ |V | (j22) 0+
〉
√(
εj2 − λ
)2
+ ∆2j2
√
2j2 + 1 ∆j2 , (2)
where εj2 are the single particle energies, and λ is the Fermi energy, whereas the
particle number condition is given by
∑
j (2j + 1)v
2
j = N. In the calculations
we use for the pairing interaction a delta force, i.e., V = −V0δ(r) with the same
strength V0 for both protons and neutrons. The value of the interaction strength
V0 = 350 MeV fm
3 was determined by obtaining a best fit to the binding energy of
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Ni isotopes. We use the same value of V0 = 350 for our present studies of isotopes
of other nuclei as well. Apart from its simplicity, the applicability and justification
of using such a δ-function form of interaction has been recently discussed in Refs. 2
and 4, whereby it has been shown in the context of HFB calculations that the use
of a delta force in a finite space simulates the effect of finite range interaction in a
phenomenological manner. The pairing matrix element for the δ-function force is
given by
〈
(j1
2) 0+ |V | (j22) 0+
〉
= − V0
8π
√
(2j1 + 1)(2j2 + 1) IR , (3)
where IR is the radial integral having the form
IR =
∫
dr
1
r2
(
G⋆j1 Gj2 + F
⋆
j1 Fj2
)2
(4)
Here Gα and Fα denote the radial wave functions for the upper and lower compo-
nents, respectively, of the nucleon wave function expressed as
ψα =
1
r
(
i Gα Yjαlαmα
Fα σ · rˆ Yjαlαmα
)
, (5)
and satisfy the normalization condition
∫
dr {|Gα|2 + |Fα|2} = 1 (6)
In Eq. (5) the symbol Yjlm has been used for the standard spinor spherical harmon-
ics with the phase il. The coupled field equations obtained from the Lagrangian
density in (1) are finally reduced to a set of simple radial equations10 which are
solved self consistently along with the equations for the state dependent pairing
gap ∆j and the total particle number N for a given nucleus.
3. Results and Discussion
The present RMF+BCS calculations are restricted to the spherical shape and
have been carried out for the entire chain of isotopes of proton magic nuclei O,Ca,Ni,
Sn and Pb as well as those of isotopes of Zr with proton sub-magic number Z= 40.
We note that earlier non-relativistic as well as relativistic calculations indicate that
Zr nuclei with A > 122 are spherical 29. It is found that the isotopes of Ca and Zr,
to a large extent, exhibit similar characteristics near the drip line which is pushed
out to unusually heavy neutron rich isotopes. Similarly the isotopes of Ni, Sn,Pb
and that of O yield results with common features. Thus in order to save space,
we have made the presentation of results in the following manner. First a detailed
description of the Ca and Ni isotopes is given as representative cases of the nuclei
considered in the present investigation. This is then followed by a description of
the results for the rest of the nuclei O,Zr, Sn and Pb.
Again, from amongst the chain of isotopes of these nuclei, we consider only a few
of the selected neutron rich isotopes to describe in detail their single particle spectra
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and resonant states, and their pairing gap energies etc. These chosen isotopes are
considered here as representative cases in order to demonstrate the main properties
of neutron rich isotopes for a particular element. The total pairing energy contribu-
tion to the binding energy of the system plays a crucial role in the understanding of
exotic nuclei and has been described next. This is followed by a detailed description
of the results of two neutron separation energies, proton and neutron radii, and the
density distributions for the chains of isotopes of different nuclei mentioned above.
Furthermore, the structure of single particle spectra near the Fermi level, and its
variation with further addition of neutrons have been usefully employed to explain
the results for the two-neutron drip line, and also for the possibility of occurrence of
neutron halos as well as for the asymptotic radial dependence of the neutron density
distributions. These involve both the bound as well as positive energy states in
the continuum. These states play an important role as scattering of particles from
bound to continuum states near the Fermi level and vice versa due to the the pairing
interaction involves mainly these very states. The last few occupied states near the
Fermi level also provide an understanding of the radii of the loosely bound exotic
nuclei. The neutron rich nuclei in which the last filled single particle state near the
Fermi level is of low angular momentum (s1/2 or p1/2 state), especially the l = 0
state, can have large radii due to large spatial extension of the s1/2 state which has
no centrifugal barrier. In our calculations such a situation is seen to occur in the
neutron rich Ca isotopes wherein the last single particle state involved is the 3s1/2
leading to halo like phenomenon already well known in light nuclei. Similar effect,
though less pronounced, is found in the neutron rich Zr isotope due to the 3p1/2
and 3sp3/2 states near the Fermi level. In contrast, the single particle structures in
the neutron rich Ni, Sn and Pb isotopes do not favor the formation of such halos
as has been described later.
As stated earlier our RMF+BCS calculations have been performed with two
different force parameterizations, TMA and NL-SH, in order to check if the results
have any dependence on different mean field descriptions. Details of our calcula-
tions show that the two interactions employed here produce very similar results
and, therefore, for the detailed description of single particle and resonant states
mentioned above, we have presented results obtained with only the TMA force.
3.1. Ca Isotopes
Neutron rich members of Ca isotopes constitute interesting example of loosely
bound system. In order to describe the contribution of various single particle states
to the pairing energy, we plot in fig. 1 the calculated RMF potential, a sum of scalar
and vector potentials, for the neutron rich nucleus 62Ca along with the spectrum for
the bound neutron single particle states. This is a typical example of the neutron
rich nucleus amongst the Ca isotopes. The figure also shows the positive energy
state corresponding to the first low-lying resonance 1g9/2, and other positive energy
states, for example, 3s1/2, 2d5/2, 2d3/2 and 1g7/2 close to the Fermi surface which
play significant role for the binding of neutron rich isotopes, ranging from 62Ca to
72Ca, through their contributions to the total pairing energy . In contrast to other
states in the box which correspond to the non-resonant continuum, the position of
the resonant 1g9/2 state is not much affected by changing the box radius around
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R = 30 fm. For the purpose of illustration we have also depicted in fig. 1 the total
mean field potential for the neutron 1g9/2 state, obtained by adding the centrifugal
potential energy.
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1p3/2
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3s1/2 3p3/2 2d5/2 2f7/2 1g7/2
1g9/2 (ε=0.45MeV)
1h11/2 1i13/2 2g7/2
1p1/2
1d3/2
2p3/2 1f5/2 2p1/2
2s1/2
Fig. 1. The RMF potential energy (sum of the scalar and vector potentials), for the
nucleus 62Ca as a function of radius is shown by the solid line. The long dashed line
represents the sum of RMF potential energy and the centrifugal barrier energy for the
neutron resonant state 1g9/2. The figure also shows the energy spectrum of some important
neutron single particle states along with the resonant 1g9/2 state at 0.45 MeV. A few high
lying continuum states like 1h11/2, 1i13/2 etc. are also indicated.
It is evident from the figure that the effective total potential for the 1g9/2 state
has an appreciable barrier for the trapping of waves to form a quasi-bound or
resonant state. Such a meta-stable state remains mainly confined to the region of
the potential well and the wave function exhibits characteristics similar to that of
a bound state. This is clearly observed in fig. 2 which depicts the radial wave
functions of some of the neutron single particle states lying close to the Fermi
surface, the neutron Fermi energy being λn = −0.204 MeV. These include the
bound 1f5/2 and 2p1/2, and the continuum 3s1/2 and 2d5/2 states in addition to the
state corresponding to the resonant 1g9/2.
The wave function for the 1g9/2 state plotted in fig. 2 is clearly seen to be
confined within a radial range of about 8 fm and has a decaying component outside
this region, characterizing a resonant state. In contrast, the main part of the wave
function for the non-resonant states, e.g. 2d5/2, is seen to be spread over outside the
potential region, though a small part is also contained inside the potential range.
This type of state thus has a poorer overlap with the bound states near the Fermi
surface leading to small value for the pairing gap ∆2d5/2 . Further, the positive
7
RMF + BCS description of drip-line nuclei
energy states lying much higher from the Fermi level, for example, 1h11/2, 1i13/2
etc. have a negligible contribution to the total pairing energy of the system.
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0.8
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2d5/2 (ε = 0.69 MeV)
1g9/2 (ε = 0.45 MeV)
3s1/2 (ε = 0.12 MeV)
2p1/2 (ε = − 4.78 MeV)
1f5/2 (ε = − 4.96 MeV)
62Ca1g9/2
1f5/2
3s1/2
2p1/2
2d5/2
20
Neutron S. P. States
Fig. 2. Radial wave functions of a few representative neutron single particle states with
energy close to the Fermi surface for the nucleus 62Ca. The solid line shows the resonant
1g9/2 state at energy 0.45 MeV, while the bound 1f5/2 state at -4.96 MeV, and 2p1/2 state
at -4.78 MeV are shown by long dashed line, and dashed -dotted lines, respectively. The
3s1/2 and 2d5/2 states with positive energies 0.12 MeV and 0.69 MeV have been depicted
by small dashed and dotted lines, respectively.
These features can be seen from fig. 3 which depicts the calculated pairing
gap energy ∆j for the neutron states in the nucleus
62Ca. However, we have not
shown in the figure the single particle states having very small ∆j values as these
do not contribute significantly to the total pairing energy. One observes indeed in
fig. 3 that the gap energy for the 1g9/2 state has a value close to 1 MeV which
is quantitatively similar to that of bound states 1f7/2 and 2p3/2 etc. Also, fig. 3
shows that the pairing gap values for the non-resonant states like 3s1/2 and 2d5/2
in continuum have much smaller gap energy. However, as the number of neutrons
increases while approaching the neutron drip line nucleus 72Ca, the single particle
states 3s1/2, 1g9/2, 2d5/2 and 2d3/2 which lie near the Fermi level gradually come
down close to zero energy, and subsequently the 1g9/2 and 3s1/2 states even become
bound states. This helps in accommodating more and more neutrons which are just
bound. In fact, the occupancy of the 3s1/2 state in these extremely neutron rich
isotopes causes the halo formation as will be discussed later.
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Fig. 3. Pairing gap energy ∆j of neutron single particle states with energy close to the
Fermi surface for the nucleus 62Ca. The resonant 1g9/2 state at energy 0.457 MeV has the
gap energy of about 1 MeV which is close to that of bound states like 1f5/2, 1f7/2, 1d3/2
etc.
The contribution of pairing energy plays an important role for the stability of
the neutron rich nuclei and consequently in deciding the position of the neutron and
proton drip lines. It is noted again that the RMF+BCS calculations carried out with
two different sets of force parameters, the TMA and NL-SH, yield almost similar
results also for the pairing energies for the isotopes of various nuclei considered
in the present investigation. In fig. 4. this has been shown for the case of Ca
isotopes. The differences in the two results can be attributed to the difference in
the detailed structure of single particle energies obtained with the TMA and NL-
SH forces. It is seen from fig. 4 that the pairing energy vanishes for the neutron
numbers N = 14, 20, 28 and 40 indicating the shell closures. It is observed that
the usual shell closure at N = 50 is absent for the neutron rich Ca isotopes and
at N = 40 a new shell closure appears. Also, for N = 52 the pairing energy value
is rather small. This reorganization of single particle energies with large values of
N/Z ratio (for the neutron rich Ca isotopes N/Z ≥ 2) has its origin in the deviation
of the strength of spin-orbit splitting from the conventional shell model results for
nuclei with not so large N/Z ratio. Further, from the figure one sees the appearance
of a new shell closure at the neutron number N = 14. This represents the case of
nuclei having large number of protons as compared to that of neutrons.
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Fig. 4. Present RMF results for the pairing energy for the Ca isotopes obtained with the
TMA (open circles) are compared with those obtained using the NL-SH (open triangles)
force parameters.
It is also seen from the figure that the pairing energies for the nuclei falling
in between two closed shells, as expected, increases from zero and have maximum
values in the middle of the two closed shells. For the neutron rich Ca isotopes there
is a tendency of slow rate of change in the pairing energy while one moves from one
isotope to another. The shell structure as revealed by the pairing energies are also
exhibited in the variation of two neutron separation energies S2n as shown in fig. 5
for the Ca isotopes. An abrupt increase in the S2n values for the isotopes next to
magic numbers is evidently seen in Fig. 5. Thus, appearance of new magic numbers
as well as the disappearance of conventional magic numbers for nuclei with extreme
isospin values are expected to be quite general feature related to the reorganization
of the single particle states due to changed characteristics of the spin-orbit splitting
heather to known from stable nuclei with normal isospin values.
The two neutron separation energies provide a crucial means to check the validity
of model calculations as extensive experimental data are available for long chains
of isotopes of the nuclei considered in the present investigation. It is important
to emphasize that such extensive experimental data are not available for the rms
radii and charge densities especially for the neutron rich isotopes. In the lower
panel of Fig. 5 we present the results of two neutron separation energy and their
comparison with the RCHB, and also with available experimental data, for the
even-even 34−76Ca isotopes . As stated earlier, in order to check the validity of
our treatment for different mean field descriptions, calculations have been done
10
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for two different RMF parameterizations: the TMA17 force discussed above and
the NL-SH27 force often used for the drip-line nuclei. The upper panel of fig. 5
depicts the difference between the experimental and calculated values as well as the
difference between our RMF+BCS predictions and those obtained from the RCHB
approach26.
10 20 30 40 50 60
Neutron Number N
0
20
40
60
S 2
n 
[M
eV
] EXPT.RMF(TMA)
RMF(NLSH)
RCHB(NLSH) 
10 20 30 40 50 60
−4
−2
0
2
4
6
∆S
2n
 
[M
eV
] (RMF − RCHB)NLSHRMF(NLSH) − EXPT.
RMF(TMA) − EXPT.
Ca Isotopes
Ca Isotopes
Fig. 5. Lower panel: The present RMF results for the two neutron separation energy for
the Ca isotopes obtained with the TMA (open circles) and the NL-SH (open squares) force
parameters are compared with the continuum relativistic Hartree-Bogoliubov (RCHB)
calculations of Ref. 26 carried out with the NL-SH force (open triangles). The two neutron
drip line is predicted to occur at N = 52 corresponding to 72Ca. This part of the plot
also depicts the available experimental data25 (solid circles) for the purpose of comparison.
Upper panel: It depicts the difference in the RMF+BCS results and the RCHB results of
Ref. 26 for the two neutron separation energy obtained for the NL-SH force. the plot also
shows the difference of the calculated results with respect to the available experimental
data25.
The interesting results for the Ca isotopes is that the isotopes beyond A=66
have two neutron separation energy close to zero. It is seen from the figure that the
two forces yield similar results. The small differences, especially for the isotopes
with N> 42, are due to difference in the energy spacing between the neutron 1g9/2,
and the neutron 3s1/2 and 2d5/2 single particle states in the two RMF descriptions.
Our calculations for the TMA description predicts that the heaviest stable isotope
against two neutron emission corresponds to A=70 (N=50) whereas for the the NL-
11
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SH force it corresponds to A=72 (N=52). As mentioned above, since the isotopes
beyond A=66 are just bound this difference in the two mean-field description is not
of much significance and should not be taken too seriously. The isotopes with mass
number 70 < A < 76 for the TMA, and those with 72 < A < 76 for the NL-SH case
are similarly found to be just unbound with negative separation energy very close
to zero. Accordingly in Fig. 5 we have shown the results up to N=56 to emphasize
this point. Also, for our purpose we shall neglect this small difference in the drip
line mentioned above.
Fig. 5 also shows the results of RCHB calculations of Ref. 26 carried out with
the NL-SH force parameterization. A comparison with these results shows that the
RMF+BCS description is almost similar to that of the RCHB results. From fig. 5
it is evident that our RMF+BCS results obtained with the NL-SH force, in contrast
to those for the TMA force, are closer to the RCHB results which are also obtained
using the NL-SH force. The upper panel of the figure explicitly shows the difference
in the separation energy obtained in the RCHB and the RMF+BCS calculations
for the NL-SH force. Indeed the difference is quite small. This figure also depicts
the difference of calculated values with respect to the available experimental data
for the separation energy. The maximum difference is of the order of less than
2 MeV. However, it should be emphasized that the difference with respect to the
experimental data for both the RMF+BCS and the RCHB calculations are of similar
nature as is easily seen in the figure.
The rms radii for the proton and neutron , rp,n = (〈r2p(n)〉 )1/2 calculated from
the respective density distributions are obtained from
〈r2p(n)〉 =
∫
ρp(n) r
2dτ∫
ρp(n) dτ
(7)
The experimental data for the rms charge radii are used to deduce the nuclear
rms proton radii using the relation r2c = r
2
p + 0.64 fm
2 for the purpose of com-
parison. In the lower panel of fig. 6a we have shown the results for the neutron
and proton rms radii of the Ca isotopes obtained with the NL-SH force. For the
purpose of comparison the figure also depicts the results of RCHB calculations26
carried out with the same NL-SH force. A comparison of the RMF+BCS results
with that for the RCHB shows that the two approaches yield almost similar values
for the neutron and proton rms radii rn and rp.
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Fig. 6a. The present RMF results for the rms radii of neutron rn and proton rp(lower
panel) for the Ca isotopes obtained with the NL-SH (open squares) force parameters
are compared with the continuum relativistic Hartree-Bogoliubov (RCHB) calculations of
Ref. 26 carried out with the NL-SH force (open triangles). The upper panel depicts the
difference between the results obtained from RMF+BCS and the RCHB approaches for
the proton, and the neutron rms radii using the NL-SH force.
We have not plotted in fig. 6a the results obtained with the TMA force as it is
found that the calculated values for these radii using two different forces, TMA and
the NL-SH, are almost similar to each other. Instead the TMA results are shown
separately in fig. 6b along with the available experimental data to keep the figure
uncluttered. In fact experimental data for the proton and neutron rms radii are
available only for a few stable Ca isotopes as is seen from fig. 6b. It is evident that
the measured proton radii rp for the isotopes
40−48Ca are in excellent agreement
with our RMF+BCS results. Similarly the neutron radii rn for the
40,42,44,48Ca
isotopes are found to compare reasonably well, though for the 40,42Ca isotopes the
calculated values are slightly lower than the measured ones as is seen in the figure.
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circles), and that of proton distribution rp (open squares) for the Ca isotopes obtained
with the TMA force parameters are compared with the available experimental data 34,
shown by solid circles and solid squares, respectively.
In order to provide a more quantitative comparison of RMF+BCS and the
RCHB calculations, we have plotted in the upper panel of fig. 6a the differences
∆rp and ∆rn for the proton and neutron rms radii obtained using the RMF+BCS
and RCHB approaches with NL-SH force. These results have been, respectively,
shown by opened circles and diamonds for the neutron and by opened squares and
triangles for the proton. It is seen from the figure that the difference between the
results of RMF+BCS and RCHB calculations for the proton and neutron radii are
rather quite small. Indeed, the maximum difference of about 0.15 Fermi is found
for the extremely neutron rich isotopes (A≥70) at the top of the drip-line wherein
already the halo like formation has taken place and radii are rather quite large.
Indeed it is clearly seen that the value of ∆rp and ∆rn for the RMF+BCS and
RCHB approaches are of the order of 1 − 2% and 2 − 5%, respectively. Similarly
it is found that this difference for the RMF+BCS using two different forces (not
shown in the figure) is of the order of about 3 − 5% for the proton and 3 − 6% for
the neutron rms radii, respectively.
AS described earlier, in the case of neutron rich Ca isotopes the neutron 1g9/2
state happens to be one of the main resonant states having good overlap with the
bound states near the Fermi level. This causes the pairing interaction to scatter
particles from the neighboring bound states to the resonant state and vice versa.
Thus, it is found that the resonant 1g9/2 state starts being partially occupied even
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before the lower bound single particle states are fully filled in. This property of the
resonant states is observed throughout for all the nuclei considered in the present
investigation. However, in the case of neutron rich Ca isotopes it is found that the
neutron 3s1/2 state which lies close to the 1g9/2 state also starts getting partially
occupied before the 1g9/2 state is completely filled. The neutron 3s1/2 state due to
lack of centrifugal barrier contributes more to the neutron rms radius as compared
to the 1g9/2 state, and thus one observes a rapid increase in the neutron rms radius
shown in fig. 6a beyond the neutron number N = 42 indicating the halos like
formation. A comparison of the rms neutron radii with the rn = r0N
1/3 line shown
in the figure suggests that these radii for the drip-line isotopes do not follow the
simple r0N
1/3 systematics.
An important aspect of the heavy neutron rich nuclei is the formation of the
neutron skin.1 For the nucleus 66Ca this characteristic feature is seen in Fig. 7,
where we plot the radial density distribution for protons by hatched lines and that
for the neutrons by solid line. The figure also shows the neutron density distributions
for the other two isotopes 56,64Ca. The neutron density distributions in the neutron
rich 62−72Ca nuclei are found to be widely spread out in the space and give rise to
the formation of neutron halos as will be discussed later.
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Fig. 7. Results for the proton and neutron density distributions obtained in the RMF+BCS
calculations employing the TMA force. The radial proton density distribution for the iso-
tope 66Ca has been shown by the hatched area. The neutron radial density distribution
for the 56,64,66Ca isotopes have been shown by solid lines.
A typical example of variation in the proton radial density distributions with
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increasing neutron number has been shown in fig. 8 for the NL-SH force calculations.
As is seen in the figure the proton distributions are observed to be confined to smaller
distances. Moreover, these start to fall off rapidly already at smaller distances (
beyond r > 3 fm.) as compared to those for the neutron density distributions. In
the interior as well as at outer distances the proton density values are larger for the
proton rich Ca isotopes and decrease with increasing neutron number N. However,
in the surface region, (r ≈ 4 fm), the proton density values reverse their trend
and increase with increasing neutron number. Due to this feature of the proton
density distributions the proton radii are found to increase, albeit in a very small
measure, with increasing neutron number though the proton number is fixed at
Z = 20 for the Ca isotopes. Similar features of the proton density distributions
are also exhibited by the results obtained with the TMA force parametrization.
From fig. 7 it is observed that the neutron density distributions have wide spatial
extension, and with increasing neutron number the density values are appreciably
increased. The asymptotic behavior of the densities are influenced by the positive
energy quasi bound states via the pairing correlations. For the closed shell Ca
isotopes (N = 14, 20, 28 and 40), due to absence of this correlation, the calculations
yield sharply falling asymptotic density distribution as is discussed below.
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Fig. 8. Results for the proton density distributions for the Ca isotopes obtained in
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distribution lines indicate the mass number of the Ca isotope.
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3.1.1. Halo Formation in Ca Isotopes
For the purpose of illustration, we have displayed in Fig. 9 the detailed neutron
density profile obtained with the TMA force for the Ca isotopes. In our earlier
discussions for the Ca isotopes, it has been observed from the neutron dependence
properties that the neutron numbers N = 14, 20, 28 and 40 correspond to closed
shells, and thus, represent the magic numbers for these isotopes. This conclusion is
found to be consistent with the calculated densities shown in fig. 9 for the isotopes
corresponding to these neutron numbers. Evidently for N = 14, 20, 28 and 40 the
neutron densities fall off rapidly and have smaller tails as compared to the isotopes
with other neutron numbers. As remarked earlier this sharp fall in asymptotic
density values is due to the fact that for the closed shell isotopes there are no
contribution to the density from the quasi bound states having positive energy
albeit close to zero energy near the continuum threshold.
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Fig. 9. The neutron radial density distribution for the 34−72Ca isotopes obtained in the
RMF+BCS calculations using the TMA force. The rapidly falling density distributions
correspond to isotopes with neutron magic numbers at N = 14, 20, 28 and 40, and have
been shown by the dashed lines whereas for the other isotopes these are plotted as solid
lines.
The density distribution for the N = 50 case (corresponding to 70Ca) is seen to
be very different from those of the isotopes with N = 14, 20, 28 and 40 indicating
thereby that for the neutron rich Ca isotopes the neutron number N = 50 does
not correspond to a magic number. The neutron single particle spectrum for the
70Ca isotope shows that apart from the bound states and high lying resonant states
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(the lower 1g9/2 resonant state has already become bound for this isotope), the
positive energy neutron states 2d5/2, 2d3/2, 4s1/2, 3p3/2, 3p1/2, 3d5/2, 3d3/2, all
lying very close to the neutron Fermi level (ǫf = 0.08 MeV), are also being occupied.
The occupation probabilities for these positive energy states are indeed very small.
However, a sum of all these accounts for about 0.6 nucleon occupying the positive
energy states. Out of this, the 2d5/2 state lying closest to the Fermi level at ǫ = 0.47
MeV has the maximum occupancy weight which amounts to about 0.55 nucleon
being in this energy state. The contribution to the total density distribution for the
70Ca isotope (N = 50) from these positive energy states consequently modifies the
asymptotic density distribution. Thus in contrast to the closed shell isotopes, here
the density does not fall off rapidly with increasing radial distances. This feature
of the density profile can be essentially attributed to loosely bound states like the
2d5/2 in the
70Ca isotope. This effect is seen to persist in all the isotopes irrespective
of being neutron rich or poor, exceptions being those with closed shells wherein the
pairing correlations are not able to populate the positive energy states.
Next we consider a comparison of results obtained with the TMA and NL-SH
forces, and also of those obtained using the RCHB approach. Results of calculations
using the NL-SH force are found to be almost similar to those obtained with the
TMA Lagrangian already shown in fig. 9. Also it is found that the RMF+BCS
results for the proton and neutron densities are almost similar to those obtained
in the RCHB approach. For the purpose of illustration we have plotted in fig.
10 the results for the neutron densities obtained in the RMF+BCS calculations
(solid lines), and those obtained in the RCHB calculations (dashed lines) again
using the NL-SH force for the purpose of comparison. It is seen from the figure
that the results from both, the RMF+BCS and the RCHB, approaches for the
neutron density distributions are almost similar. In particular, for the isotopes with
neutron shell closure corresponding to N = 14, 20, 28 and 40 this similarity extends
up to large radial distances whereby the densities are already diminished to very
small values, rather less than 10−10 fm−3. This has been explicitly demonstrated
in the inset of fig. 10 which shows the results on a logarithmic scale for radial
distances up to r = 16 fm. For the other isotopes, there are small deviations
between the RMF+BCS and the RCHB approaches beyond the radial distance r = 8
fm. However, beyond this distance the densities are already quite reduced ranging
between 10−4 fm−3 to 10−8 fm−3. These small deviations between the RMF+BCS
and RCHB results beyond r = 8 fm is caused due to small differences in the single
particle energies and wave functions, especially near the Fermi surface, and also on
the energy cut off being used in the RCHB calculations. Nevertheless, similarities
between the RMF+BCS and the RCHB results are exceedingly encouraging.
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Fig. 10. The solid line show the neutron radial density distribution for the 34−72Ca
isotopes obtained in the RMF+BCS calculations using the NL-SH force. Corresponding
results of the RCHB calculations with the NL-SH force are shown by the dashed lines for
the purpose of comparison. The inset shows the results on a logarithmic scale up to rather
large radial distances.
In fig. 10, it is interesting to note that the neutron density distributions, out
side the nuclear surface and at large distances, for the neutron rich Ca isotopes with
neutron number N ≥ 42 are larger by several orders of magnitude as compared to
the lighter isotopes. This behavior of the density distribution for the neutron rich Ca
isotopes is quite different from the corresponding results, especially for the neutron
rich isotopes of Ni, Sn and Pb nuclei. In the latter cases, as more neutrons are added
the tail of the neutron density distributions for the neutron rich isotopes tends to
saturate. The results described above can be easily understood by inspecting the
variation in the position of the single particle states and that of the Fermi energy
with increasing neutron number depicted in fig. 11.
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Fig. 11. Variation of the neutron single particle energies obtained with the TMA force
for the Ca isotopes with increasing Neutron number. The Fermi level has been shown by
filled circles connected by solid line to guide the eyes.
First of all, it is readily seen in fig.11 that the large energy gaps between single
particle levels 1d5/2 and 1d3/2, and the levels 2p1/2 and 3s1/2 etc. are responsible
for the properties akin to shell or sub-shell closures in the 34−72Ca isotopes for the
neutron number N = 14 and 40 apart from the traditional magic nos. N = 20 and
28. However the N = 50 shell closure is seen to disappear due to absence of gaps
between the 1g9/2 state and the states in the s-d shell.
For an understanding of the halo formation in the neutron rich (N ≥ 42) Ca
isotopes we next look into the detailed features of single particle spectrum and its
variation as one moves from the lighter isotope to heavier one in fig. 11. The
neutron Fermi energy which lies at ǫf = −19.90 MeV in the neutron deficient 34Ca
nucleus moves to ǫf = −0.21 MeV in the neutron rich 62Ca, and to ǫf = 0.08 MeV
(almost at the beginning of the single particle continuum) in 70Ca. The 1g9/2 state
which lies at higher energy in continuum for the lighter isotopes, (for example at
ǫ = 1.68 MeV in 34Ca) comes down gradually to become slightly bound, (ǫ = −0.07
MeV in 66Ca) for the neutron rich isotopes. Similarly, the 3s1/2 state which lies
in continuum for the lighter isotopes (for example at ǫ = 0.70 MeV in 34Ca)also
comes down, though not so drastically, to become slightly bound ((ǫ = −0.05 MeV
in 68Ca) for the neutron rich isotopes. In the case of 60Ca with shell closure for
both protons and neutrons, the neutron single particle states are filled in up to the
2p1/2 state, while the next high lying states 3s1/2 and 1g9/2, separated by about
5 MeV from the 2p1/2 level are completely empty. Now on further addition of 2
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neutrons, it is observed that the 1g9/2 is filled in first even though 3s1/2 state is
slightly lower (by about 0.31 MeV) than the 1g9/2 state as has been shown in fig.
12. Still another addition of 2 neutrons are found to fill in the 1g9/2 state once
again, though now the 1g9/2 state is higher to the 3s1/2 state merely by 0.08 MeV.
This preference for the 1g9/2 state results in the existence of loosely bound highly
neutron rich Ca isotopes. Indeed this preference stems from the fact that in contrast
to the 3s1/2 state, the positive energy 1g9/2 state being a resonant state has its wave
function entirely confined inside the potential well akin to a bound state. This has
been shown earlier in fig. 2 for the nucleus 62Ca. As is evident from fig. 2, the
3s1/2 state in the continuum has its wave function spread over mostly outside the
potential well and thus the additional neutrons do not occupy this state until it
becomes a bound state.
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Fig. 12. Variation in energy shown by open circles, and occupancy (no. of neutrons
occupying the levels) depicted by open triangles for the neutron 1g9/2 and 3s1/2 single
particle states in the Ca isotopes.
For the neutron number N = 48, it is found that both the 1g9/2 and 3s1/2 states
become bound and start to compete together to get occupied on further addition of
neutrons as can be seen in fig. 12. On the other hand, the positive energy states like
2d5/2, 2d3/2, 3p3/2 and 3p1/2 lying near the Fermi level at the continuum threshold
are also being occupied though with very small probability. Further it is observed
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from the figure that both of these states are completely filled in for the neutron
number N = 52, and thus, the neutron drip line is reached with a loosely bound
72Ca nucleus. The next single particle state, 2d5/2, is higher in energy by about 0.5
MeV in the continuum and further addition of neutrons does not produce a bound
system.
As mentioned above, the 1g9/2 state is mainly confined to the potential region,
and hence its contribution to the neutron radii is similar to a bound state. In
contrast, the 3s1/2 state which has no centrifugal barrier, and thus, is spread over
large spatial extension contributes substantially to the neutron density distribution
at large distances. Similarly it turns out that the 3p1/2 state though to a lower
extent contributes to the extended density distribution. Due to this reason, for
N > 42 as the 3s1/2 state starts being occupied the neutron density distribution
has large tails, and the neutron radii for the neutron rich isotopes (N > 42) grow
abruptly as has been shown in fig. 6. Thus the filling of the 3s1/2 single particle
state and to a lesser extent that of 2d5/2, 3p3/2 and 3p1/2 etc. with increasing
neutron number in the 64−72Ca isotopes causes the neutron halos like formation in
these nuclei.
3.2. Ni Isotopes
Results for the Ni isotopes exhibit similar characteristics for the pairing gap
contribution due to the resonant states, and those from other single particle states
near the Fermi level. However, the neutron rich Ni isotopes do not exhibit a situ-
ation like the neutron rich Ca isotopes favoring for halo formation. This is due to
difference in the single particle structure near the Fermi surface as will be discussed
later. In order to illustrate the physical situation of neutron rich Ni isotopes, we
have plotted in fig. 13 the RMF potential (upper panel), and some of the single
particle wave functions (lower panel)for the nucleus 84Ni. The upper panel also
shows the spectrum for the neutron bound single particle states, and a few of the
positive energy states in the continuum. Some of the most relevant neutron single
particle states close to the neutron Fermi level, which are found to be important for
the description of neutron rich Ni isotopes near the drip line are: 4s1/2, 3p3/2, 3p1/2,
1g7/2, 2d5/2 and 2d3/2. Analogous to the 1g9/2 state for the case of neutron rich Ca
isotopes, the neutron 1g7/2 state is found to be the most important resonant state
for the Ni isotopes. It has been shown in the figure along with the positive energy
4s1/2, 3p3/2, 3p1/2 states mentioned above. In addition, we have also depicted in fig.
13 the total mean field potential for the resonant 1g7/2 state, obtained by adding the
centrifugal potential energy. Once again, many states high lying in the continuum
have not been shown in the figure. Also in fig. 13 (lower panel), we have displayed
the radial wave functions of some of the neutron single particle states close to the
Fermi surface, the neutron Fermi energy being λn = −1.21 MeV. These include
the bound 2d3/2 and the continuum 3p3/2, 4s1/2 and 1g7/2 single particle states.
It is seen from fig. 13 that the resonant neutron 1g7/2 state in the neutron rich Ni
isotopes, similar to the resonant state in the Ca isotopes, remains mainly confined
to the region of the potential well and the wave function exhibits characteristics
similar to that of a bound state. Also, it is evident from the figure that, in contrast
to the resonant state 1g7/2, the wave function for a typical non-resonant state, for
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example 3p3/2, is well spread over to large distances outside of the potential region.
Such states thus have a small overlap with the bound states near the Fermi surface
leading to diminished value for the pairing gaps for these states. The next important
states are the loosely bound states. A representative example of such a state is the
2d3/2 state at -0.55 MeV. From fig. 13 it is seen that this state has a sizable part
of the wave function within the region of the potential well, and for such states the
pairing gap values, as has been shown in fig. 14, are found to be comparable to the
bound states making significant contributions to the pairing energy.
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Fig.13. Upper panel: The RMF potential energy (sum of the scalar and vector), for
the nucleus 84Ni as a function of radius is shown by the solid line. The long dashed line
represents the sum of RMF potential energy and the centrifugal barrier energy for the
neutron resonant state 1g7/2. The figure also shows the energy spectrum of the bound
neutron single particle states along with the resonant 1g7/2 state at 0.55 MeV.
Lower panel: Radial wave functions of a few representative neutron single particle states
with energy close to the Fermi surface for the nucleus 84Ni. The solid line shows the
resonant 1g7/2 state at energy 0.55 MeV, while the bound 2d3/2 state at -0.56 MeV is
shown by long dashed line. The 4s1/2 and 3p3/2 states with positive energies 0.57 MeV
and 0.59 MeV have been depicted by dotted and small dashed lines, respectively
The next resonance above 1g7/2 is a 1h11/2 state. This resonance appears quite
high in energy, at E = 4.6 MeV, and has a width of about 0.13 MeV. We estimated
the position and the width of this resonance by calculating the phase shift corre-
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sponding to the RMF single particle potential. It is worth mentioning that in a
box calculation one could find always a 1h11/2 state at approximately 4.5 MeV, but
the order of its appearance depends on the box radius. However, after inclusion of
the 1h11/2 state, it is found the results remain essentially unchanged. Indeed, its
contribution is much smaller than that of the 1g7/2 state due to the large energy
difference of the 1h11/2 state with respect to the Fermi level.
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gap energy of about 1 MeV which is close to that of bound states like 2d5/2 etc.
The pairing gap values obtained in our RMF+BCS calculations as shown in
fig 14 turn out to be of the order of 1 MeV and are consistent with the results
of other mean field calculations and those deduced from experimental data on the
binding energies.4,20,30,32. The RHB calculations of Lalazissis et al.20 have been
carried out using the finite range Gogny interaction D1S31 for the treatment of
pairing correlations. These calculations provide the average values of canonical
pairing gaps as function of canonical single particle energies. These RHB averaged
canonical gaps correspond to the pairing gaps in BCS theory, although the two
are not completely equivalent. In the publication of Lalazissis et al.20 detailed
results for the gaps are available only for the 70Ni isotope. The averaged gaps
decrease approximately monotonically with increasing single particle energies and
have values ranging from about 2.2 MeV for the deep hole states, to about 0.5
MeV for the high lying states in the continuum. In comparison to these values
our RMF+BCS calculations yield a little smaller gaps ranging from about 1.2 MeV
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for the well bound states, to about 0.8 MeV for the continuum states near the
Fermi surface. Similarly, the HFB calculations of Dobaczewski et al.4 have been
carried out using three different interactions for the pairing correlations. These are
the finite range density dependent Gogny interaction D1S31, the effective Skyrm
interaction2,32 SKP, and the interaction SKPδ which uses SKP parametrization in
the p-h channel and a δ-interaction for the pairing component. These extensive
calculations carried out for the Sn isotopes show that the results for the HFB with
D1S interaction overestimate the gap values as compared to those obtained with
either the SKP or the SKPδ interaction. Indeed our calculated gaps for the Sn
isotopes are found to be very close to those of HFB using the SKPδ interaction
as will be elaborated later while discussing the results of Sn isotopes. With this in
view, our RMF+BCS results seem quite consistent with RHB and HFB calculations
using similar pairing interaction.
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Fig. 15.Present RMF results for the pairing energy for the 48−98Ni isotopes obtained
with the TMA (open squares) are compared with those obtained using the NL-SH (open
triangles) force parameters. The results of different RHB calculations (see text for details)
are also shown for the purpose of comparison.
In fig. 15 we compare our results for the contribution to the pairing energy with
those obtained using other mean-field approaches for the 48−98Ni. The choice of
comparison with the 48−98Ni isotopes is guided by the fact that for these nuclei
several theoretical results are available. As before, our RMF+BCS calculations us-
ing the TMA and NL-SH forces yield similar values for the pairing energy. These
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two results have been shown in fig. 15 by open circles and triangles, respectively.
Further, we note that the pairing energy vanishes for the nuclei with neutron num-
bers N = 20, 28, 50 and 70 indicating shell closure for these neutron numbers. This
indicates the appearance of new shell corresponding to neutron number N = 70.
The variation of the neutron pairing energy with the neutron number N exhibits
features well known from the case of stable nuclei. Thus, as expected, between the
two neutron magic numbers the pairing energy increases in magnitude from zero to
reach a maximum for the half filled shell nuclei. In the present case, the pairing
energy for the neutron half filled shell nuclei is found to vary between -10 MeV for
N= 24 and -15 MeV for the neutron rich case with N= 62 as seen in fig. 15. Also,
it is observed from this figure that N=40 represents a sub-shell with a small value
of total pairing energy which is approximately 3 MeV.
We have also plotted in fig. 15, for the purpose of comparison, the results of RHB
calculations carried out with a zero range delta force, shown by plus symbols, and
that with the finite range Gogny interaction 30 depicted by inverted triangles. Also,
are shown the results obtained in the continuum HF-BCS, depicted by stars, and
the Box HFB calculations, depicted by diamonds, of Grasso et al.7. The RMF+BCS
results for the N dependence of the pairing energy exhibit similar trend as those
obtained from the RHB calculations, However, the values of the pairing energy for
the neutron rich nuclei are rather large in the case of RHB calculations as is seen
in fig. 15. The results for the continuum HF-BCS and HFB calculations, though
available only for limited isotopes 7, are closer to our calculations.
In fig. 16 we plot the results of two neutron separation energy for the entire
chain of Ni isotopes up to the neutron drip-line. The figure also shows the HFB
results of Terasaki et al.3 and that of the RHB calculations of Ref. 19, along with the
experimental data available25 for the 50−78Ni isotopes. Since the RHB calculations
of Ref. 20 are performed only for 24 ≤ N ≤ 50 and because these results are similar
to that of the RHB calculations of Ref. 19, we have shown in Fig. 16 only the
results of Ref. 19. Further, we have chosen the calculations in Ref. 3 using the HFB
theory to be a representative one, therefore the results of other HFB calculations4,21
are not depicted in the figure. It is gratifying to note that our RMF results are
in excellent agreement with the data. The strong variations in the experimental
separation energy near the neutron magic numbers N = 28, 50 are well accounted
for by our calculations. The figure shows that the overall trends of results obtained
using different theories are similar, though there are minor differences in details.
However, it is clearly seen that the RHB calculations compare very well with our
results for the two neutron separation energy and the slope of the curve all the way
up to A=100 in the two cases are very similar. This good agreement with the RHB
results19,20 provides another strong support, in addition to that of the HF+BCS
calculations with continuum of Ref. 6, to the validity of a RMF+BCS approach for
the investigation of the drip-line nuclei.
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Fig. 16. In the lower panel the present RMF results for the two neutron separation
energy for the 50−98Ni isotopes obtained with the TMA (open circles) and the NL-SH
(open squares) force parameters are compared with the continuum relativistic Hartree-
Bogoliubov (RCHB) calculations of Ref. 26 carried out with the NL-SH force (open trian-
gles). The lower panel also depicts the available experimental data25 (50−78Ni) for the two
neutron separation energy (solid circles) for the purpose of comparison. The upper panel
depicts the difference in the RMF+BCS results and the RCHB results of Ref. 26 obtained
for the NL-SH force. This part of the figure also shows the difference of the calculated
results with respect to the available experimental data25.
In both relativistic calculations, i.e. RMF+BCS and RCHB, the two-neutron
drip line is predicted at A=98 (N=70). This is quite different from the result of
non-relativistic HFB calculations of Ref.3, which predicts the two-neutron drip line
around A=90 (N=62). This difference between the two predictions can be traced
back to the spin orbit splitting of the neutron 1g9/2 and 1g7/2 states, which is
smaller in the relativistic calculations. Thus in RMF+BCS the positive energy state
corresponding to the 1g7/2 resonance is much closer to the continuum threshold than
in the HFB calculations and is becoming a bound states beyond N=58 as has been
shown in fig. 17. Consequently, in variance with HFB, in RMF+BCS calculations
one can put 8 neutrons more on the bound state 1g7/2 before we reach the two
neutron drip line.
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ing mass number A. The Fermi level has been indicated by solid circles.
A detailed study of the proton, neutron and matter rms radii has also been
carried out. Our RMF+BCS results for the proton and neutron rms radii and their
comparison with the RCHB calculations have been displayed in fig. 18. The results
obtained with the TMA and NL-SH force parameters are clearly seen to be very
similar to each other. The RMF+BCS results obtained by using the NL-SH force
and those of the RCHB approach using the same force are also quite close to each
other as can be seen in the figure.
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Fig. 18. The lower panel presents the RMF results for the proton and neutron rms radii
(rp and rn) for the
48−98Ni isotopes obtained with the TMA (open circles) and the NL-
SH (open squares) force parameters. These are compared with the continuum relativistic
Hartree-Bogoliubov (RCHB) calculations of Ref. 26 carried out with the NL-SH force
(open triangles). The upper panel displays the difference between the our RMF, and the
RCHB results of Ref. 26 for the proton and the neutron rms radii obtained for the NL-SH
force. This panel also shows the difference between the calculated results for the TMA
and NL-SH forces within the RMF+BCS approach.
Further, the RMF+BCS results for the rms proton radii and the neutron radii
are found to be in close agreement with the available experimental data. The
experimental data on the neutron and proton rms radii are available only for a
few of the Ni isotopes. Our RMF+BCS results obtained with the TMA force have
been plotted in fig. 19 with the the data on the proton rms radii of 58−64Ni, and
that for the neutron rms radii of 58,64Ni explicitly. It is gratifying to note that the
theoretical results are in good agreement with the measured radii.
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rms radii for the 48−98Ni isotopes obtained with the TMA force parameters. These are
compared with the available experimental data shown by solid circles and solid squares
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The neutron skin formation is easily seen in the case of neutron rich Ni isotopes
showing large spatial extension of the neutron density distributions. As a typical
example, for 84Ni this characteristic feature is seen in Fig. 20, where we plot the
density distribution for protons by hatched lines and that for the neutrons by solid
line.
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Fig. 20. A comparison of the neutron radial density distribution for 84Ni obtained
in different models. The results of the present calculations shown by solid line show
good agreement especially with those obtained within the resonant continuum HF+BCS
approach of Ref. 6 (dashed line). The crosses correspond to the HFB results3. The radial
density distribution for the protons has been shown by the hatched area.
The tail of the neutron density extends far beyond the mean field potential and
has appreciable value up to about 14 fm. In order to compare our calculations
with other theoretical approaches we show in fig. 20 the results of neutron density
obtained using HF+BCS6 and HFB3 approximations. The tail of the density given
by our RMF+BCS calculations is much closer to the resonant continuum HF+BCS
results of Ref. 6. The main contribution to the tail of the density comes from the
loosely bound states 3s1/2 and 2d3/2. The fact that in the HFB calculations the tail
is smaller can be due to the contribution of the pairs scattered in states which are
not time reversed partners.7 This contribution is not included in a BCS approach.
The neutron density distributions for the neutron rich Ni isotopes are distinct
from those for the neutron rich Ca isotopes. This is clearly seen from fig. 21 which
shows the neutron densities for some selected Ni isotopes. The inset in the figure
displays the distribution on a logarithmic scale up to radial distance r = 16 fm.
A comparison of this neutron density distribution with that for the Ca isotopes
displayed earlier in fig. 9 shows that in the case of neutron rich Ca isotopes we
have densities with wide spatial extensions up to large distances, whereas in the
neutron rich Ni isotopes it saturates. This is due to the fact that in the case of Ni
isotopes the 3s1/2 state is a bound state lying below the 1g7/2 state which gradually
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itself becomes bound while reaching towards the neutron drip line (see fig. 17). In
contrast the 3s1/2 state in the Ca isotopes remains unbound until just before the
neutron drip line is reached. A partial filling in of this unbound 3s1/2 state in the
neutron rich Ca isotopes causes the formation of halos as has been discussed earlier.
The single particle structures in the case of neutron rich Sn and Pb isotopes also
exhibit situation similar to that in the Ni isotopes and, therefore, in these nuclei
a large growth in neutron radii or halo formation is not expected to occur as one
moves towards the neutron drip line.
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Fig. 21. Neutron radial density distribution for the 48−98Ni isotopes obtained in the
RMF+BCS calculations using the TMA force. The dashed lines have been used to dis-
tinguish the closed neutron shell isotopes with others. The inset shows the results on a
logarithmic scale up to rather large radial distances.
3.3. Isotopes of O, Zr, Sn and Pb Nuclei
Results for the isotopes of proton magic nuclei Sn and Pb are similar to those of
proton magic Ni nuclei discussed above. The Zr nuclei are not proton magic and,
therefore, there is always a contribution to the pairing energy from the protons.
Also, it is found that the neutron rich Zr isotopes near the drip line have very small
two neutron separation energy and constitute an example of very loosely bound
system similar to the neutron rich Ca isotopes. In contrast to these nuclei, the
isotopes of O show slightly different behavior as will be elaborated later. With the
above mentioned similarities in view, in the following we discuss briefly the results
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of O,Zr, Sn and Pb nuclei taken together in order to save space. Also, as stated
earlier we restrict our treatment to spherical shapes for simplicity, even though it
is likely that some of the isotopes of O and that of Zr could be actually deformed.
In fig. 22 we have displayed for some of the neutron rich representative isotopes
of O,Zr, Sn and Pb nuclei the pairing gap energies of single particle states located
close to the Fermi level. For our purpose we have chosen 20O, 138Zr, 150Sn and
250Pb to elucidate the general results for these nuclei. It is seen from fig. 22 that
the pairing gaps for the single particle neutron states in the 20O isotope near the
Fermi level range between 0.9 MeV to 1.8 MeV, where the Fermi energy lies at
−5.22 MeV. In contrast to Ca and Ni and other nuclei discussed here, it is seen
that only the lowest neutron single particle states are occupied according to the
number of neutrons, and the pairing interaction does not couple the bound states
near the Fermi level with the positive energy states . Thus in the case of neutron
rich O isotopes the positive energy states are not populated. It is found from our
calculations that the isotopes 14O, 16O, 22O, 24O and 28O are doubly magic. And
as expected the total pairing energy for these isotopes is zero as can be seen from
fig. 23.
In the case of neutron rich zr isotopes, the single particle state 1h9/2 is found to
be a resonant state. This state has large pairing gap energy akin to that of bound
sates. As a representative case of the neutron rich zr isotopes, we have plotted in
fig. 22 the pairing gaps for the nucleus 138zr. In this plot only the neutron states
lying near the Fermi surface have been considered. The low lying resonant state
at ǫ = 0.6 MeV shown in the plot is found to play an important role. The other
important neutron single particle states near the Fermi level (ǫf = -0.09 MeV)
shown in the plot are 2f7/2, 3p3/2, 3p1/2, 2f5/2 and 4s1/2. For all these states the
pairing gap energy ∆j varies between about 0.5 MeV and 1 MeV. These gap energies
are consistent with other mean field calculations and the experiments. It is further
found that the high lying state 2i13/2 at ǫ = 4.13 MeV is also a resonant state,
though its contribution to the pairing energy is insignificant as it lies far above the
Fermi level.
Similarly the important resonant state in the case of neutron rich Sn nuclei is
found to be the neutron 1i13/2 state. As a representative example of Sn isotopes
we have plotted in fig. 22 the pairing gaps for the neutron rich 150Sn isotope. For
this nucleus the 1i13/2 state lies at ǫ = -1.59 MeV, whereas the Fermi energy is seen
to be at ǫf = 0.35 MeV. Some of the important neutron single particle states near
the Fermi surface for the neutron rich nucleus 150Sn, include the positive energy
states 4s1/2 at ǫ = 0.59 MeV, the resonant state 1i13/2 at ǫ = 0.35 MeV, and the
negative energy bound states 2f5/2 at ǫ = -0.90 MeV. As is observed from Fig. 22,
the pairing gap energy of the resonant 1i13/2 state has a value ∆13/2 ≈ 1.5 MeV,
which is close to that of bound states like 1h9/2, 1h11/2 and 2d3/2 etc. The other
state in the continuum which has somewhat appreciable gap energy is the 2g9/2
state at around 2 MeV. However, this state being higher in energy as compared to
the Fermi energy, plays only a minor role in the contribution to the total pairing
energy of the nucleus.
The gap energies for the single particle states shown in fig. 22 are found to
be consistent with the results obtained from the HFB and RHB calculations4,20,30.
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To elaborate, the HFB+D1S results of Lalazissis et al.4 for the pairing gaps ∆nlj
in the nucleus 150Sn for the deep bound states are about 2 MeV, while those for
states near the Fermi surface are about 1.75 MeV, and those for the high lying
continuum states it decreases from about 1.5 MeV to about 0.5 MeV. In contrast,
the HFB+SKP results yield gaps ranging from very small values of about 0.5 MeV
for deep hole states, to about 1.5 MeV for the states near the Fermi level, to
about 0.75 MeV for the high lying particle states in the continuum. Further, the
HFB+SKPδ calculations provide results wherein the gaps for the states throughout
have almost a constant value of about 1.2 MeV with a small variation of about
±0.2 MeV. A comparison of these results with our RMF+BCS calculations shows
the closest agreement with the HFB+SKPδ calculations. As has been pointed out
by Dobaczewski et al.4, the D1S interaction somewhat overestimates the gaps due to
large magnitude of the strength of D1S interaction. Similarly, the detailed results
published by Dobaczewski et al.4 for the nucleus 120Sn are found to be in close
agreement for the various single particle states. Indeed, the results for the average
neutron gaps quoted in the calculations of Dobaczewski et al.4 using the SKPδ
interaction for the entire chain of Sn nuclei up to neutron number N= 126, which
represents the neutron drip line, are found to be consistent with our RMF+BCS
calculations.
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Fig. 22. Pairing gap energy ∆j of neutron single particle states with energy close to the
Fermi surface for the neutron rich nuclei 20O, 138Zr, 150Sn and 250Pb.
Finally, fig. 22 also shows a similar plot for the nucleus 250pb representing the
neutron rich case of the Pb isotopes. The neutron state 1j13/2 shown in the plot at
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energy ǫ = 2.48 MeV is a resonant state. As is seen from the plot this state has large
pairing gap, ∆j ≈ 1.5 MeV comparable to the bound single particle states 3d5/2,
3d3/2 etc. near the Fermi level. The pairing gaps values for the Pb isotopes are
found to be consistent with those obtained in other mean field calculations20,30,4,32.
3.3.1. Pairing Energy
Apart from the case of Zr isotopes, O,Ca,Ni, Sn and Pb nuclei considered here
are all proton magic and, therefore, for these nuclei the contribution to total pair-
ing energy is mostly from the neutron single particle states. Thus for the proton
magic nuclei, the pairing energy vanishes for N values corresponding to the neutron
shell closures. This can be seen in fig. 23 which displays the total pairing energy
contribution for the nuclei O,Zr, Sn and Pb as a function of neutron number N .
0 10 20 30
Neutron Number
−6
−4
−2
0
2
Pa
ir
in
g 
En
er
gy
 [M
eV
]
RMF(TMA)
RMF(NLSH)
30 50 70 90 110
−30
−20
−10
0
RMF(NLSH)
RMF(TMA)
90 110 130 150 170 190
−40
−30
−20
−10
0
10
RMF(TMA)
RMF(NLSH)
40 60 80 100 120
−30
−20
−10
0
10
RMF(TMA)
RMF(NLSH)
Pb Isotopes
Zr Isotopes Sn Isotopes
O Isotopes
Fig. 23.Present RMF results for the pairing energy for the O, Zr, Sn and Pb isotopes
obtained with the TMA (open squares) are compared with those obtained using the NL-SH
(open triangles) force parameters.
It is seen from the plot for the O isotopes in fig. 23 that the neutron shell
closures for O isotopes occur for N= 6, 8, 14, 16 and 20. Similarly, for the Sn
isotope it is observed to occur for N=50 and 82, whereas in the case of Pb isotopes
N=126 is found to correspond to the neutron shell closure. However, some neutron
rich isotopes of Sn and Pb, due to reorganization of single particle states, do not
continue to be proton magic and, hence, there are contributions to the total pairing
energy from proton single particle states as well. In contrast, Zr is not a proton
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magic nucleus. Thus, as such both the proton and neutron single particle states
contribute to the total pairing energy. Therefore one observes slightly different
feature of the N dependence of the pairing energy as compared to that of the proton
magic nuclei. This can be seen from the plot for the Zr isotopes in fig. 23. The
figure shows that for N = 50 and N = 82 the total pairing energy is close to 10
MeV and 15 MeV, respectively, and it is solely due to the protons. Similarly, for
N = 40 and N = 70 due to sub-shell behavior of the isotopes, the pairing energy
is reduced. Midway between N = 50 and N = 70, it is found to be maximum as
expected.
Further, from the plot of the Sn isotopes in fig. 23, it is seen that the pairing
energy vanishes for N = 50 and N = 82 due to shell closure. The maximum pairing
energy values are found to occur for isotopes in the midway between the neutron
magic numbers 50 and 82. Similar behaviour for the N dependence of the pairing
energy is approximately seen for isotopes lying between the magic numbers N = 82
and N = 126. For large neutron number approaching N = 126 it is found that the
proton single particle states are reorganized such that the Sn isotopes are no more
proton magic and, therefore, there is finite contribution from the protons to the total
pairing energy. This makes the shape of the curve for the pairing energy for N > 112
flatter than expected while approaching the neutron magic number N = 126. The
pairing energy values obtained in our RMF+BCS calculations are found to be of
similar magnitude as those obtained in other mean field calculations20,4,32. Further
from fig 23 it is seen that the results obtained using the TMA and NL-SH forces
are very close to each other. However, slight differences occur in some of the Sn
and Pb isotopes with large neutron numbers.
3.3.2. Two Neutron Separation Energy
In the lower panel of Fig. 24 we have shown the two neutron separation energy
S2n for the O isotopes. Further, the results of RMF+BCS calculations employing
the TMA17 and the NL-SH27 forces have also been shown along with those obtained
in the RCHB approach for the purpose of comparison.
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Fig. 24. In the lower panel the present RMF results for the two neutron separation
energy for the 12−28O isotopes obtained with the TMA (open circles) and the NL-SH
(open squares) force parameters are compared with the continuum relativistic Hartree-
Bogoliubov (RCHB) calculations of Ref. 26 carried out with the NL-SH force (open trian-
gles). The lower panel also depicts the available experimental data25 (solid circles) for the
purpose of comparison. The upper panel depicts the difference in the RMF+BCS results
and the RCHB results of Ref. 26 for the two neutron separation energy obtained for the
NL-SH force. This plot also shows the difference of the calculated results with respect to
the available experimental data25.
It is seen from the figure that the calculations using two different force param-
eters, the TMA and the NL-SH Lagrangian, yield almost similar results as in the
case of Ca and Ni isotopes described earlier. Also, it is observed that the results for
the NL-SH force using the RCHB approach and the present RMF+BCS calculations
are quite close to each other. The upper panel depicts the difference between the
results obtained using the RMF+BCS and the RCHB approaches. The difference is
indeed small, a maximum difference is seen for 18O and it is less than 1 MeV. It is
further seen that the calculated results for S2n are in good agreement with the ex-
perimental data. The upper panel depicts the difference between the experimental
and calculated values. The maximum difference is about 1.5 MeV. The calculated
two neutron drip line is found to occur at N = 20 in both the RMF+BCS and the
37
RMF + BCS description of drip-line nuclei
RCHB calculations. However, in contrast it is experimentally35 observed to occur at
N = 16. The discrepancy between the theoretical prediction and the experimental
data is found almost in all the mean field calculations employing both relativistic
as well as non-relativistic approaches.
A better insight into the position of the neutron drip line can be gained by
looking at the dependence of the neutron single particle states around the Fermi
level as a function of increasing neutron number N . This has been shown in fig. 25
for the bound neutron 1d5/2, 2s1/2 and 1d3/2 states, as well as for the unoccupied
2p3/2, 2p1/2 and 1f7/2 states lying in the continuum.
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Fig. 25. Variation of the neutron single particle energies for the O isotopes with increasing
mass number A.
It is seen from fig. 25 that with increasing neutron number N , the bound states
near the Fermi level, for example, 1d3/2 and 2s1/2 etc. have a tendency to come
down in energy. For N ≤ 14 the crucial 1d3/2 state remains unbound and lies close
to other unbound states 2p3/2, 2p1/2, and 1f7/2, while the neutron Fermi energy
increases with increasing neutron number N . AroundN = 16, the 1d3/2 state comes
down to become bound, whereas the other neighboring states 2p3/2, 2p1/2, 1f7/2
and 1g9/2 continue to remain unbound. With further addition of two neutrons,
at N = 18, the 1d3/2 state becomes even more bound while the neutron Fermi
energy approaches to zero. For N = 20, the Fermi energy becomes positive and the
1d3/2 state is fully occupied. This results in a stable
28O isotope, the heaviest one.
Beyond this the neutron Fermi energy becomes positive and any further addition
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of neutrons makes the isotope unstable. Thus the essential point for the position of
the neutron drip line is that beyond A = 24, the 1d3/2orbital is slightly too bound
and that the continuum states 2p3/2, 2p1/2, 1f7/2 and 1g9/2, though close to zero
energy, remain entirely unoccupied. As shown in fig. 26, a study of N dependence of
the spin-orbit splitting energy Els = (Enlj=l−1/2 −Enlj=l+1/2)/(2l+1) of the spin-
orbit doublet 1d3/2 and 1d5/2 indicates that the neutron doublet splitting energy
is slightly reduced beyond A = 24 and, therefore, the 1d3/2 orbital is pushed down
and accommodates further addition of 4 neutrons.
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Fig. 26. Variation of the spin-orbit splitting energy Els for the neutron (upper panel)
and proton (lower panel) doublets (1p1/2, 1p3/2) and (1d3/2, 1d5/2) in the O isotopes with
increasing mass number A.
From the above discussion it appears that for the neutron rich O, the pairing
interaction beyond A = 24 is not strong enough to populate the positive energy
states near the Fermi level, for example, 2p3/2, 2p1/2 and 1f7/2 etc., to make the
isotopes heavier than A = 24 unstable. This discrepancy between the theoretical
results and the measurements for the two neutron drip line in the O isotopes is found
in most of the mean field calculations 4,20,30,32,36 and needs further investigations.
Next we consider the Zr isotopes for which the two neutron separation energies
have been plotted in the lower panel of fig. 27, whereas the upper panel shows the
differences between the S2n values obtained from theoretical predictions and the
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measurements. It is seen from fig. 27 that the degree of agreement between the
available experimental data and the theoretical results using TMA and NLSH force
parameterizations are of similar quality as for the isotopes of other nuclei discussed
earlier. In this case the maximum difference between the measured S2n and the
predicted value for it is found to occur for a few isotopes around N = 54, and is
less than 3 MeV. Again, as for the results of other nuclei and their isotopes, the
RCHB and the RMF+BCS calculations for the Zr isotopes are also found to be
in excellent agreement with each other as is evident from fig. 27. With regard to
the discrepancy around N = 54 between the data and the results obtained in the
RMF+BCS as well as in the RCHB calculations, it may be pertinent to remark that
the present calculations treat these nuclei as spherical whereas actually some of the
Zr isotopes are believed to be well deformed. Whether an inclusion of deformation
in the present RMF+BCS approach would markedly improve the calculated results
needs further investigations.
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Fig. 27. The present RMF results for the two neutron separation energy for the Zr
isotopes obtained with the TMA (open circles) and the NL-SH (open squares) force pa-
rameters are compared with the continuum relativistic Hartree-Bogoliubov (RCHB) cal-
culations of Ref. 26 carried out with the NL-SH force (open triangles), and with the
available experimental data25(solid circles). The upper panel depicts the difference in the
RMF+BCS results and the RCHB results of Ref. 26 obtained for the NL-SH force along
with the difference of the calculated results with respect to the available experimental
40
Yadav, Kaushik and Toki
data25.
The calculations employing the NL-SH force for the mean field description pre-
dict the heaviest stable isotope to be 136Zr. This is true for both the RMF+BCS
as well as the RCHB calculations as can be seen from fig. 27. The results obtained
using the TMA force are at variance with this prediction and the two neutron drip
line is found to occur at N = 112 corresponding to 152Zr isotope. This difference
in the predictions of the two neutron drip line is due to the dissimilarities in the
spectrum of single particle states near the neutron Fermi level. Further, it is seen
from fig. 27 that the S2n values for N ≥ 84 is rather small, and is reduced further
more with increasing number of neutrons. For neutron numbers around N ≥ 84
the S2n values are close to a few hundred keV. Such a physical situation for very
loosely bound systems has already been seen to occur for highly neutron rich Ca
isotopes.
In order to have a better understanding of such loosely bound extremely neutron
rich 124−152Zr isotopes, we have shown in fig. 28 the variation of neutron single
particle energy for the states near the Fermi level obtained with the TMA force.
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Fig. 28. Variation of the neutron single particle energies for the Zr isotopes with increas-
ing neutron number N for the TMA force.
It is seen from fig. 28 that for these neutron rich Zr isotopes the neutron Fermi
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level lies almost at zero energy. The important neutron single particle states with
finite occupancy near the Fermi level are 1h9/2, 2f5/2, 2f7/2, 3p1/2, 3p3/2 and 4s1/2.
For N = 82 corresponding to 122Zr, we have shell closure for the neutron states.
For this nucleus the neutron states up to 1h11/2 are completely filled and the higher
states are completely empty as is expected of a closed shell system. On further
addition of two neutrons, the occupation pattern of states gets changed as compared
to that of 122Zr nucleus in the sense that the added neutron simply do not occupy
the next higher state. Instead the neutrons are redistributed amongst the 1h11/2
and the states 3p3/2, 2f7/2, 3p1/2, 2f5/2, 1h9/2 and the high lying resonant state
1i13/2. Also as we keep adding more and more neutrons the positive energy states
3p3/2, 2f7/2, 3p1/2, 2f5/2 and 1h9/2 gradually come down in energy and subsequently
become bound for larger neutron number N as is seen in fig. 28. To illustrate this
we consider the detailed single particle structure of, for example, 126Zr and 138Zr
nuclei. For the nucleus 126Zr the occupation weight of the state 3p3/2 at energy
ǫ = 0.05 MeV is 0.33, of 2f7/2 at energy ǫ = 0.22 MeV is 0.27, of 3p1/2 at energy
ǫ = 0.28 MeV is 0.10, of 2f5/2 at energy ǫ = 1.20 MeV is 0.03, of 1h9/2 at energy
ǫ = 1.82 MeV is 0.03, and that of the high lying resonant state 1i13/2 at energy
ǫ = 5.14 MeV is 0.03. All these positive energy states accommodate together about
4.5 neutrons. However, the first three of these states lying very close to the Fermi
level (ǫf = −0.06 MeV) have the major share of about 3.6 neutrons. In comparison
consider the nucleus 138Zr which is reached after an addition of 12 neutrons to the
nucleus 126Zr. Due to the additional neutrons, the 2f7/2, 3p3/2 and 3p1/2 states
become bound whereby 2f7/2 state becomes lower in energy as compared to that
of 3p3/2. Also, the neutron Fermi energy is slightly changed to ǫf = −0.09 MeV.
Now the occupation weight of the state 2f7/2 at energy ǫ = −0.90 MeV is 0.85,
of 3p3/2 at energy ǫ = −0.81 MeV is 0.90, of 3p1/2 at energy ǫ = −0.51 MeV is
0.84, of 2f5/2 at energy ǫ = 0.25 MeV is 0.27, of 1h9/2 at energy ǫ = 0.60 MeV
is 0.24, and that of another high lying resonant state 2i13/2 at energy ǫ = 4.13
MeV is 0.01. In this case the positive energy states accommodate together about 4
neutrons. On further addition of neutrons, the positive energy states 2f5/2 and 1h9/2
also gradually become bound and thus can accommodate neutrons up to N = 112
which correspond to a shell closure. Thus one is able to reach a bound 152Zr nucleus.
It is remarkable that the energy of the neutron 4s1/2 single particle state remains
positive and almost constant with increasing neutron number beyond N = 90 as
is seen from fig. 28. And, therefore, further increase of neutrons which fill in the
next available 4s1/2 state make the nucleus
154Zr unbound. Further, due to the fact
that for the neutron rich (N = 84 to N = 90) 124−130Zr isotopes, one of the last
partially occupied states is the positive energy 3p1/2 state having low orbital angular
momentum and a reduced centrifugal barrier, the density distribution of these exotic
nuclei assumes a wider extension. It is in turn reflected in neutron radii becoming
rather large as can be seen in fig. 33. This may give rise to halo formation as in the
case of Ca isotopes discussed earlier. However, it should be emphasized that the
case of neutron rich Zr isotopes is slightly different. In the case of Ca isotopes, one
of the outermost positive energy single particle states which is partially occupied
is the 3s1/2 state. This state with orbital angular momentum l = 0 and having
no centrifugal barrier provides a more favorable condition for a hallo formation,
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as compared to the 3p1/2 state in the neutron rich Zr isotopes. Beyond
130Zr the
neutron 3p1/2 state becomes bound and the positive energy resonant states 2f5/2
and 1h9/2 continue together to accommodate more neutrons. As the nucleus
142Zr
is reached, the 2f5/2 becomes bound. On further addition of two neutrons the
1h9/2 state also becomes bound and continues to accommodate more neutrons until
completely filled. For the 144−152Zr isotopes the occupation weights of the positive
energy states like 4p3/2 and 4p1/2 located close to the continuum threshold remains
almost negligible.
The single particle structure obtained with increasing neutron number in the
case of RMF+BCS calculations carried out with the NL-SH force is slightly at
variance with that seen above for the TMA force. In this case one observes that
the neutron states 3p3/2, 2f7/2, and 3p1/2 as for the TMA results gradually become
bound with increasing neutron number. However, the states 2f5/2 and 1h9/2 do not
come down sufficiently in energy and, thus, remain positive energy states as has
been shown in the lower panel of fig. 29. Consequently, with the NL-SH force one
has the nucleus 136Zr as the heaviest bound system. In order to gain more insight
into the role of resonant and other states near the Fermi level in accommodating
more and more neutrons to have extremely neutron rich isotopes, we have shown in
the upper panel of fig. 29 the occupancy in terms of number of neutrons occupying
the above mentioned crucial states 1h9/2, 2f5/2, 3p3/2, 2f7/2, and 3p1/2. As is seen
in this part of the figure, all these states at the threshold of the continuum are
partially occupied for N = 84 (124Zr). The total number of nucleons occupying
these positive energy states is about two, approximately one each in the 2f5/2 and
1h9/2 states. The occupancy of other states is almost negligible. We note that
the neutron states 3p3/2, 2f7/2, and 3p1/2 are hardly bound. With addition of two
neutrons at N = 86 (126Zr) all the states come down in energy. Now there are more
than three neutrons in the positive energy states, mainly the states 3p3/2 and 2f7/2
are occupied with one and two neutrons, respectively. With further addition of two
neutrons at N = 88 (128Zr), the 3p3/2 state becomes bound, and the 3p1/2 and 2f7/2
states are now hardly bound. For this case the number of neutrons in the continuum
is now less than three occupying the 3p1/2 and 2f7/2 states. In a similar manner
for N = 90 (130Zr) it is seen from the figure that the state 2f7/2 also becomes just
a bound one and there are about a little more than one neutron in the continuum,
mostly in the 3p1/2 state. Finally for N = 92 corresponding to (
132Zr) the 3p3/2,
2f7/2, and 3p1/2 become bound states and the states 2f5/2 and 1h9/2 continue to
remain unbound. It is seen from the figure that for the isotopes (132−136Zr) the
number of nucleons occupying the continuum states is less than one. From these
considerations one clearly sees the important role of resonant states and that of
loosely bound states like 1h9/2, 2f5/2, 3p3/2, 2f7/2, and 3p1/2 in accommodating
more and more nucleons to produce exotic neutron rich loosely bound isotopes of
(124−136Zr).
Further, on the other hand, the single particle state 4s1/2 is found to exhibit
similar behavior of variation for both the TMA and NL-SH forces and with addition
of neutrons it remains throughout an unbound state without significant occupancy.
This prohibits the very heavy neutron rich isotopes of Zr to exhibit as prominent
halo formation as predicted for the heavy neutron rich Ca isotopes.
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Also, it should be emphasized that the difference in the binding energy of the
loosely bound 132−152Zr isotopes obtained in the case of TMA force is in fact very
small, of the order of 100 keV for the neighboring two isotopes. With this in view,
the difference in the positions of the two-neutron drip line as predicted for the TMA
and NL-SH forces should not be treated too seriously.
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Fig. 29. Lower Panel: Variation in energy of the neutron single particle states for the
124−136Zr isotopes with increasing neutron number N for the NL-SH force. Upper Panel:
Occupancy of the single particle states in terms of number of neutrons with increasing
neutron number.
In Fig. 30 we have displayed results of the two neutron separation energy S2n
for the Sn isotopes. The difference between the RCHB and the RMF+BCS results
have been shown in the upper panel of the figure. It is indeed small for most of
the isotopes. The maximum difference between the two approaches, which occurs
in a few case is approximately 1 MeV. Similarly a comparison with the available
experimental data shows that both the TMA and NL-SH forces provide a good
description of the two neutron separation energies. However, the maximum differ-
ence of approximately 2 MeV is found for a few Sn isotopes as can be seen in the
upper panel of fig. 30. It is found that the RMF+BCS calculations using either
TMA or NL-SH forces predict 176Sn to be the heaviest stable isotope. In complete
agreement, the RCHB calculations also predict the two neutron drip line to occur
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at N = 126 corresponding to 176Sn.
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Fig. 30. RMF+BCS results and their comparisons with that of RCHB calculations of
ref. 26, and available experimental data25 104−136Sn for the two neutron separation energy
for the 98−172Sn isotopes. For details see the caption for fig. 27.
Similar results of the two neutron separation energy S2n for the Pb isotopes are
displayed in fig. 31. As before the upper panel shows the difference between different
results plotted in the lower panel. It is to be noted that the RCHB calculations for
the Pb isotopes by Meng et al.19 have been reported only up to N = 150 which
correspond to the 232Pb isotope. Due to this we have shown only the limited results
for the RCHB calculations in fig. 31. It is seen from the figure that the RMF+BCS
results are very close to those obtained using the RCHB approach. The difference
between the RCHB and the RMF+BCS results have been shown in the upper panel
of the figure. It is indeed small for most of the isotopes. The maximum difference
between the two approaches, which occurs in a few case is approximately 1 MeV.
Similarly a comparison with the available experimental data shows that both the
TMA and NL-SH forces provide an equally good description of the two neutron
separation energies for the Pb isotopes. The two neutron drip line for the Pb
isotopes is found to occur at N = 184 corresponding to 266Pb isotope.
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Fig. 31. RMF+BCS results and their comparisons with that of RCHB calculations of
ref. 26, and the available experimental data25 (184−214Pb) for the two neutron separation
energy for the 180−262Pb isotopes. For details see the caption for fig. 27.
3.3.3. RMS Radii for Proton and Neutron Distributions
Earlier we have made a detailed comparison of RMF+BCS results with those
obtained in the RCHB calculations26, and with the available experimental data for
the rms radii of proton and neutron distributions for the Ca and Ni isotopes as
displayed in figs. 6 and 18. Similar comparisons for the results of these rms radii
for O,Zr, Sn and Pb isotopes lead us to conclude that the rms proton, neutron
and matter radii as obtained in the RMF+BCS description are quantitatively in
good agreement with those obtained in a more complete RCHB approach. Also,
the results for these radii using the TMA and the NL-SH forces are observed to be
very close to each other. Furthermore, it is found that the calculated proton and
neutron rms radii are in good agreement with the available experimental data. As
an illustration we have shown in fig. 32 the calculated RMF+BCS results (open
triangle) obtained with the TMA force for the proton rms radii in comparison with
the available measured data (open circles). The agreement with the data is indeed
very satisfactory.
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Fig. 32. In the lower panel present RMF results for the proton rms radii rp for the
isotopes of various nuclei obtained with the TMA force parameters are compared with
the available experimental data25 (open circles). The upper panel shows the difference
between the measured and calculated radii for the isotopes for which data are available.
Further, in fig. 33 we have shown in various columns the theoretical predictions
for the rms neutron radii. It is found that the variation of the neutron radii for the
chains of isotopes of nuclei studied here only approximately follows the N1/3 law
(rn = r0N
1/3) as has been shown in fig. 33. One observes deviation from the law
for the case of rich proton as well as rich neutron isotopes. The figure also shows the
value of radius constant r0 providing the best fit to the radii. As is seen from fig.
33, this best fit is obtained with gradually reduced value of the constant r0 as we
move from the lightest O nuclei to the heaviest Pb isotopes. However, it is possible
to provide a better description by choosing the radius constant to have isospin
dependence. As noted above these predictions are found to be in good agreement
with the available measurements for the neutron rms radii. We have, however, not
shown the measured data to keep the figure uncluttered. Also, from fig. 33 it is
seen that the best candidate for experimental observation of halo formation in the
neutron rich nuclei is offered by the Ca isotopes. For the neutron rich heavy Zr
isotopes this effect is less dramatic as is seen from fig. 33.
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Fig. 33. The present RMF results for the neutron rms radii rp for the isotopes of various
nuclei obtained with the TMA force parameters. These results are compared with a rough
estimate of neutron distribution radius given by rn = r0N
1/3 wherein the radius constant
r0 is chosen to provide the best fit to the theoretical results. Halo formation in the case
of neutron rich Ca and also to some extent in Zr isotopes is clearly seen.
3.3.4. Proton and Neutron Densities
We have already discussed the radial proton and neutron densities for 66Ca and
84Ni isotopes as representative examples of neutron rich Ca and Ni nuclei. Similar
plots for the proton radial densities shown by hatched areas and neutron densities
depicted by solid lines have been displayed in fig. 34 for selected neutron rich
isotopes of 20O, 138Zr, 170Sn and 250Pb nuclei. In addition, the plots also depict
the neutron densities of several other neighboring isotopes of these nuclei for the
purpose of comparison. For completeness we have included the plots for the neutron
rich 62Ca and 96Ni isotopes as well.
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Fig. 34. The neutron radial density distributions for some selected isotopes of O, Ca,
Ni, Zr, Sn and Pb nuclei have been shown by solid lines. The hatched area represents the
proton radial density distribution for the nuclei 20O, 62Ca, 96Ni, 138Zr, 172Sn and 250Pb.
It is seen from fig. 34 that the proton densities for these nuclei have gross
features similar to each other, albeit with increasing atomic number from O to Pb
the distribution assumes wider spatial extension as expected. However, in the case
of Zr isotopes, the distribution is relatively broader due to the fact that it is not
a proton magic nucleus as compared to other nuclei shown in the figure. This can
be easily seen from the difference in the slope of the density curves. As remarked
earlier, for the open shell isotopes the asymptotic behavior of the density profile is
affected by the contributions from the partially occupied positive energy resonant
states and those loosely bound ones just above the continuum threshold near the
Fermi level. The positive energy states have wide spread wave functions and yield
a density profile with wide spatial extension and long tail asymptotically. This has
been described earlier for the Ca and Ni isotopes and is found valid for other nuclei
as well. Accordingly for further demonstration we have shown explicitly in figs. 35
through 40 the neutron and proton density profiles for the Zr, Sn and Pb isotopes.
The inset in these plots shows the density distributions on a logarithmic scale for
larger radial distances and exhibits its asymptotic behavior. In order to keep the
plots uncluttered we have drawn the results for limited number of isotopes for a
given chain.
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Fig. 35. The solid line show the neutron radial density distribution for the 74−152Zr
isotopes obtained in the RMF+BCS calculations using the TMA force. To keep the figure
uncluttered the distributions for only some selected isotopes covering the entire range have
been plotted.
It is seen from the neutron densities of Zr isotopes in fig. 35 that for the neutron
number N = 50, 82 and 112 which correspond to shell closures in the 90,122,152Zr
neutron rich nuclei, the density distribution is rather confined to smaller radial
distances and diminishes quickly as is indicated by the slope of these curves shown
in the inset. For other isotopes the distribution exhibits tendency to fall off sharply
up to a radial distance of about 10 to 15 fm and then becomes flat. In the case of
highly neutron rich isotopes N ≥ 84 corresponding to 124−150Zr the density profile
has slightly altered feature in that it is characterized by a much slower fall as a
function of radial distance and has wider spatial extension. This makes the curves
for these isotopes to be well separated from the others as is seen from the inset
in fig. 35. As explained earlier it is due to contributions from the positive energy
states which are partially occupied, though with very small occupancy weights, and
are either resonant or loosely bound states lying near the Fermi level. However, the
density distributions tend to be similar to those found for the Ca isotopes.
Results for the proton density distributions for the chain of Zr isotopes have
been depicted in fig. 36. The density distributions tend to show deviation from
sharp fall off after about r = 10 fm and is caused due to the fact that Zr not
being a proton magic has contributions to the pairing correlations from the low
lying resonant states. However, these deviations are unimportant as the magnitude
of density for large distances has already diminished to the order of 10−8 fm−3.
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Further, fig. 36 shows that the central proton density decreases with increasing
neutron number and may be attributed to the neutron-proton interaction. The
maximum to minimum ratio of the central proton density value turns out to be
higher than that for the corresponding central neutron densities. It is also seen
from fig. 36 that with increasing neutron number the proton radius increases.
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Fig. 36. The solid line show the proton radial density distribution for the 74−152Zr
isotopes obtained in the RMF+BCS calculations using the TMA force. To keep the figure
uncluttered the distributions for only some selected isotopes covering the entire range have
been plotted.
In contrast to the Ca and Zr nuclei, the density profile of Sn isotopes is less
extended and for heavier Sn isotopes it falls off rather rapidly as is seen from the
inset in fig. 37. for smaller distances the density profile exhibits peak around
r = 4 − 5 fm. Between r = 5 and 10 fm the density curves show identical radial
dependence with a rapid smooth fall off. The distributions for isotopes with neutron
number N = 100, 132 and N = 176 corresponding to neutron shell closures in the
Sn isotopes are distinctly characterized by sharp fall off as can be seen in the inset
of the figure. For these isotopes there are no contributions to the wave functions
coming from resonant states in the continuum. For other isotopes one observes the
flattening of the distribution at large distances indicating the contribution from the
resonant and other positive energy states near the Fermi level.
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Fig. 37. The solid line show the neutron radial density distribution for some selected Sn
isotopes obtained in the RMF+BCS calculations using the TMA force.
The proton density profile for the Sn isotopes depicted in fig. 38 shows spatially
confined distributions. Again, with increasing neutron number the proton distri-
bution radii are seen to grow. It is found that for heavy neutron rich Sn isotopes
the proton single particle potential is changed and the Sn isotopes no longer have
proton shell closure for Z = 50. For such isotopes then there are contributions from
resonant states to the proton pairing correlations. Consequently for neutron rich
isotopes the asymptotic proton density distributions becomes flat at the tail end as
can be seen in the inset of fig. 38. The ratio of central maximum and minimum pro-
ton densities in this case has almost similar value (≈ 1.6) as for the proton densities
of Zr isotopes. The lightest isotope 78Zr is seen to have maximum proton density at
the center whereas the minimum is that of heaviest isotope 176Zr. In contrast, the
neutron density for the heaviest isotope is not maximum at the center as is evident
from fig. 37.
52
Yadav, Kaushik and Toki
0 4 8 12 16
Radius[fm]
0
0.01
0.02
0.03
0.04
0.05
0.06
0.07
0.08
0.09
0.1
Pr
ot
on
 D
en
sit
y 
[fm
−
3 ]
0 5 10 15 20
10−10
10−8
10−6
10−4
10−2
100
98−176Sn
RMF(TMA)
Z=50
N=48−126
98−176Sn
10098
A=134−176
A=98−130
A=98−130
A=134−176
132
176
Proton Density
172
104
176100
100
Proton 
Density 176
132
Fig. 38. The solid line show the proton radial density distribution for some selected Sn
isotopes obtained in the RMF+BCS calculations using the TMA force.
The neutron density profile of Pb isotopes plotted in fig. 39 shows much less
spatial spread of the distributions. However, one clearly sees the slight flattening of
the tails as depicted in the inset in fig. 39. In order to have some feeling of single
particle states being filled in for we consider for example the isotope 242Pb. For this
isotope the low lying neutron resonant state 1j15/2 becomes bound and the positive
energy 1j13/2 state at ǫ = 3.07 MeV acts as resonant state. The occupancy weight
of this state indicates that there are about 0.2 nucleons occupying this state in the
continuum. This state contributes to the density at larger distances and, thus, the
asymptotic density does not show a rapid fall off for such isotopes. Similar results
are also obtained for other Pb isotopes. However, the isotopes 208Pb and 266Pb
corresponding to N = 126 and N = 184 are neutron closed shell nuclei and for
these two the spatial spread in the neutron density is seen to be minimum as is
evident from the asymptotic density distribution shown in the inset of fig. 39. For
smaller distances the density profile exhibits peak around r = 5.5 fm. As in other
cases the neutron density falls off quickly between r = 6 and 10 fm.
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Fig. 39. The solid line show the neutron radial density distribution for some selected Pb
isotopes obtained in the RMF+BCS calculations using the TMA force.
Similar to the neutron densities, and also as the Pb isotopes are proton magic,
the proton densities of Pb isotopes have smaller spatial widening at the tail end
as is seen in the inset of fig. 40. However, it is found, as for the other heavier
isotopes of Sn, that in the case of heavy neutron rich Pb isotopes the single particle
potential for the protons become much deeper and proton single particle energies
are slightly changed and Z = 82 no more corresponds to a proton shell closure.
Due to contributions from proton positive energy states this is found to change the
asymptotic proton density for the neutron rich Pb isotopes as can be seen in the
inset of fig. 40. For small radial distances (r < 1 fm), in contrast to Zr and Sn
proton densities, here one observes an upward growth of the proton density near
the center for the lighter isotopes (A = 178− 208). However, the neutron densities
are in general larger than the proton densities. At the surface the proton densities
have values between 0.05 and 0.07 fm−3 whereas the neutron densities for the Pb
isotopes at the surface range between 0.08 and 0.088 fm−3.
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Fig. 40. The solid line show the proton radial density distribution for some selected Pb
isotopes obtained in the RMF+BCS calculations using the TMA force.
4. Summary
In the present investigation we have carried out a detailed study of the chains
of isotopes of proton magic nuclei O,Ca,Ni, Sn and Pb, as well as that of Zr con-
sidered to be proton sub-magic within the framework of RMF+BCS. Our present
calculations have been restricted to spherical shapes for the sake of simplicity. How-
ever, guided by our experience, we believe that calculations with the inclusion of
deformation would not change the main conclusions reached for the proton magic
nuclei investigated here.
In view of the fact that the pairing correlations play an important role for
the description of neutron rich isotopes, we have also studied in detail the pairing
properties of these nuclei close to the neutron drip line within the RMF+BCS
framework. In the BCS calculations we have replaced the continuum by a set
of positive energy states determined by enclosing the nucleus in a spherical box.
It is found that from amongst the positive energy states, apart from the single
particle states adjacent to the Fermi level, the dominant contribution to the pairing
correlations is provided by a few states which correspond to low-lying resonances.
As the number of neutrons increases the low lying resonant states become bound and
the higher ones become more crucial for the description of pairing correlations. The
loosely bound single particle states lying at the continuum threshold near the Fermi
level are found to be important especially for the neutron rich isotopes. For the case
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of O,Ca,Ni,Zr, Sn and Pb isotopes we have shown that the RMF+BCS and the
RHB calculations19 as well as other mean-field descriptions2−7, give similar results
for the two-neutron separation energies, and for the proton, neutron and matter
rms radii up to the neutron drip line. Further, it is found that these results are in
good agreement with the available experimental data.
For the the case of Ca and Ni isotopes, and to some extent for the Zr nuclei,
we have discussed the results in greater details. These RMF+BCS calculations
have been explicitly shown to agree very well with the recent continuum relativistic
Hartree-Bogoliubov (RCHB) calculations26. Moreover, the results obtained from
two different popular RMF parameterizations, the TMA and the NL-SH forces, are
also shown to be very similar to each other and with those of the RCHB. Small
differences between the results for the two forces are traced back to the differences
in the single particle spectrum near the Fermi surface. The difference is seen to
be more pronounced for the neutron rich Zr isotopes which are not exactly proton
magic. Further, this difference in the single particle structure leads to difference in
the prediction of the two-neutron drip line for the TMA and NL-SH forces for the Zr
isotopes. However since the binding energy difference amongst the neutron rich two
isotopes of Zr is found to be less than 100 keV this difference should not be taken
too seriously. The results for the Ca isotopes showing a sudden increase in the radii
of neutron distribution for the neutron rich isotopes with N ≥ 42 provide evidence
for a halo formation in the 62−72Ca isotopes. For halo formation in the neutron
rich 62−72Ca isotopes the neutron 3s1/2 state turns out to be the most crucial one.
Calculations for the Zr isotopes yield similar results with indications, though less
pronounced, for the halo formation in the neutron rich (Zr) isotopes. In this case
the neutron 3p1/2 state in the neutron rich Zr isotopes is found to play the key role.
The results for the neutron rich isotopes of other nuclei, O,Ni, Sn and Pb do not
show such a tendency of abrupt growth in the radii of the neutron distribution.
Similar indications with regard to halo formations and other properties are also
provided by the calculated neutron and proton density profiles for these nuclei.
The neutron density distributions for the isotopes with halo formation are seen to
have a wide spatial extension. Further, it is found that the resonant states and the
loosely bound states near the continuum threshold tend to accommodate a very
small number of neutrons which in turn affect the radial dependence of the density
profile at large distances. This contribution, though extremely small, makes the
asymptotic density fall off less rapidly. However, for the neutron magic nuclei the
distribution falls off sharply as it has no contributions from the resonant states.
Similarly, the proton density distributions for the proton magic nuclei are found
to be confined to smaller distances and fall off rapidly. However, for neutron rich
proton magic nuclei the proton single particle potential becomes deeper and the shell
closure property is destroyed. For such heavy neutron rich isotopes the asymptotic
proton density is slightly affected by the contributions from the positive energy
and resonant states. The Zr isotopes are not proton magic and thus in this case
the proton density are found to have wider spatial extension and rather a slow
fall off due to pairing correlations from positive energy states near the continuum
threshold.
The detailed comparison of different results obtained from the RMF+BCS and
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the Hartree-Bogoliubov frameworks on the one hand, and a reasonably good agree-
ment of these with the available experimental data together confirm our earlier
findings28, and provide ample indications that the RMF+BCS approach can be
considered as a good approximation, in addition to being neat and transparent, to
the full Relativistic Hartree-Bogoliubov (RHB) treatment for the drip-line neutron
rich nuclei. This in fact is not surprising in view of similar conclusion reached very
recently by Grasso et al.7 for the non-relativistic mean field descriptions.
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Table 1: Parameters of the Lagrangian TMA and NL-SH together with the nuclear
matter properties obtained with these effective forces.
Param. TMA NL− SH
M (MeV) 938.9 939.0
mσ (MeV) 519.151 526.059
mω (MeV) 781.950 783.0
mρ (MeV) 768.100 763.0
gσ 10.055 + 3.050/A
0.4 10.444
gω 12.842 + 3.191/A
0.4 12.945
gρ 3.800 + 4.644/A
0.4 4.383
g2 (fm)
−1 -0.328 - 27.879/A0.4 -6.9099
g3 38.862 - 184.191/A
0.4 -15.8337
c3 151.590 - 378.004/A
0.4
Nuclear Matter Properties
saturation density ρ0 (fm)
−3 0.147 0.146
Bulk binding energy/nucleon (E/A)∞ (MeV) 16.0 16.346
Incompressibility K (MeV) 318.0 355.36
Bulk symmetry energy/nucleon aSym (MeV) 30.68 36.10
Effective mass ratio m∗/m 0.635 0.60
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